This paper analyzes spacetime symmetries of topological string theory on a two dimensional torus, and points out that the spacetime geometry of the model is that of the Batalin-Vilkovisky formalism. Previously I found an infinite symmetry algebra in the absolute BRST cohomology of the model. Here I find an analog of the BV ∆ operator, and show that it defines a natural semirelative BRST cohomology. In the absolute cohomology, the ghost-number-zero symmetries form the algebra of all infinitesimal spacetime diffeomorphisms, extended at non-zero ghost numbers to the algebra of all odd-symplectic diffeomorphisms on a spacetime supermanifold. In the semirelative cohomology, the symmetries are reduced to w ∞ at ghost number zero, and to a topologically twisted N= 2 w ∞ superalgebra when all ghost numbers are included. I discuss deformations of the model that break parts of the spacetime symmetries while preserving the topological BRST symmetry on the worldsheet. In the absolute cohomology of the deformed model, another topological w ∞ superalgebra may emerge, while the semirelative cohomology leads to a bosonic w ∞ symmetry. 
Introduction
Diffeomorphism symmetry is one of the most important yet mysterious symmetries in recent physics. It underlies classical gravity, and its full reconciliation with quantum theory still remains a challenging problem. In this context, considerable interest has been devoted recently to the conjecturally underlying phase of quantum gravity and string theory [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] , in which all spacetime diffeomorphisms become manifest symmetries of the vacuum. (See also e.g. [11, 12] for alternative approaches to the issue.) One motivation for these studies is the hope that the topological phase might be more tractable than the usual phase with local dynamics, which might be eventually obtainable by some symmetry breaking mechanism.
String theory represents one of the most promising and successful candidates for establishing links between the topological and dynamical phases of quantum gravity. In spacetime dimensions less than two, these two phases of string theory are actually equivalent [8, 10] . Spacetime dimension two (or the central charge c = 1; see e.g. [13] for a review) represents the verge point, at which the topological symmetry (manifest for c < 1) is no longer obvious. The physical spectrum of two dimensional string theory consists of the massless "tachyon" mode representing the center of mass of the string, and the so-called "discrete states" [14] , representing remnants of its higher excited states. The tachyon behaves like a field-theoretical degree of freedom with local dynamics, describable by an effective spacetime field theory [15] . On the other hand, the discrete modes have been conjectured to have an underlying topological origin, possibly in spacetime [14, 16] . They have already proven to play a crucial role in the model, as they give rise to its ground ring structure [17] and a w ∞ symmetry [17] [18] [19] [20] . Hence, the dynamical phase of two dimensional string theory represents an interesting mixture of field-theoretical and non-local degrees of freedom. This non-trivial structure raises many questions, such as whether there exists an underlying phase with just global degrees of freedom, or what happens to the topological symmetry of c < 1 string theory as c → 1 from below.
In this paper I will try to reveal some relevant features of the hypothetical topological phase of 2-D string theory, by considering a simple model: topological string theory on a two dimensional toroidal target. This program has been initiated in [21] , where I have shown that -in what might be called the absolute BRST cohomology of the model -the non-zero fundamental group of the target leads to an infinite number of physical observables, and that these physical observables give rise to an infinite symmetry algebra.
‡ In this paper I study the spacetime structure of the symmetry algebra, and extend the results of [21] to a semirelative BRST cohomology. Among the main results are the interpretation of the spacetime geometry of the model in terms of the Batalin-Vilkovisky (BV) geometry, as well as the existence of w ∞ and topologically twisted N= 2 w ∞ spacetime symmetries § in the semirelative BRST cohomology.
w ∞ algebras have played a central role in various approaches to the dynamical phase of two dimensional string theory [17] [18] [19] [20] [27] [28] [29] [30] [31] [32] [33] . They behave as unbroken gauge symmetries, and may represent residua of some underlying stringy gauge symmetry [34] . The w ∞ symmetry may also have other far-reaching physical consequences, such as quantum coherence restoration in black hole physics via W -hair carried by stringy black holes [35] [36] [37] . Near the black hole singularity, where the black hole coset becomes effectively equivalent to a topological field theory [38] , the w ∞ symmetries may get extended to a topological w ∞ [36] . In this paper we will encounter a spacetime topological w ∞ symmetry in a manifestly topological (or, more exactly, cohomological) two dimensional string theory.
The paper is organized as follows. In §2 I review some basic results of [21] , such as the structure of observables and the algebra of symmetries of two dimensional topological string theory, and recall the structure of its topological ground ring. In ‡ Similar results have also been obtained in critical N = 2 superstring theory by Giveon and Shapere [22] . For some earlier work on the topological torus, see [23, 24] ; topological aspects of c = 1 were also studied in [25, 26] . § Here, as in the dynamical phase of 2D string theory [17, 19] , the "spacetime manifold" of the model is defined as the space parametrized by generators of the ground ring, and does not a priori coincide with the target of the sigma model. See a more detailed discussion of this issue in §3.2. §3 I study the spacetime picture of the model. We will see that the spacetime manifold M is a two dimensional torus, dual to the target. At non-zero ghost numbers, the spacetime manifold M gets extended to a supermanifold M of dimension (2|2), with a natural odd-symplectic form on it. In §3.1 and §3.2 it is shown that the bosonic part of the symmetry algebra generates all smooth local diffeomorphisms of the spacetime manifold M, while fermionic generators extend the symmetry algebra to all odd-symplectic diffeomorphisms on M. The odd-symplectic form, generated on spacetime by the symmetry algebra, induces an anti-bracket structure on the space of physical observables. This provides first indications that the spacetime geometry of the model is actually that of the Batalin-Vilkovisky formalism [39] [40] [41] .
The analogy between the spacetime geometry of the model and the BV geometry is further pursued in §4, where I identify the analog of the ∆ operator, first as a second-order differential operator on spacetime ( §4.1), and then in terms of the worldsheet CFT as a zero mode of the BRST superpartner of the energymomentum tensor ( §4.2). This ∆ operator is shown to define a semirelative BRST cohomology of the model, which is analyzed from the point of view of spacetime symmetries in §4.3. In the semirelative BRST cohomology, the symmetry algrebras of all spacetime diffeomorphisms and all odd-symplectic diffeomorphisms get reduced to a w ∞ algebra and a topologically twisted N= 2 w ∞ superalgebra (denoted by w top ∞ henceforth), respectively. The existence of a topological w ∞ superalgebra in spacetime has interesting consequences, such as the existence of two BRST charges: One of them is the usual BRST charge of the worldsheet topological symmetry that defines the physical states of the model by the standard BRST cohomology condition; the other one emerges in spacetime, and becomes a part of the topological w ∞ superalgebra of spacetime symmetries. This interesting similarity between spacetime and worldsheet symmetries is further extended in §4. 4, where it is pointed out that the model enjoys a topological w ∞ algebra not only in spacetime, but also on the worldsheet. §4.5 briefly points out that the relationship between the odd-symplectic geometry and the topological w ∞ symmetry may shed some light on the issue of W geometry as studied e.g. in [42] .
In §5 I follow a different strategy which also reduces all spacetime diffeomorphisms to a w ∞ algebra. The basic Lagrangian is deformed by BRST invariant terms, which breaks a part of the spacetime symmetry algebra as obtained in the absolute BRST cohomology. For a particular deformation, we recover the w ∞ symmetry at ghost number zero, while at non-zero ghost numbers we get a new 
Symmetries in 2-D Topological String Theory
In this section I review some basic results of [21] , in a form suitable for the rest of the paper.
Topological strings on a two dimensional toroidal target are described in conformal coordinates on the worldsheet by the free-field Lagrangian
Here X,X are complex coordinates on the target, ψ,ψ are the topological ghost fields of spin (0, 0), and χ ≡ χ z dz andχ ≡χzdz are the corresponding anti-ghosts of spins (1, 0) and (0, 1) respectively. The theory is invariant under the BRST symmetry
The classical Lagrangian is also invariant under the U(1) symmetry whose conserved charge is the ghost number, taking the usual values of plus one on ghost fields ψ andψ, and minus one on anti-ghosts χ andχ.
Here and in what follows, I
have integrated out the auxiliary fields associated with the antighosts, so that the BRST charge is only nilpotent on shell.
The kinetic term in (2.1) contains an imaginary theta term, caused by the requirement that the Lagrangian be an BRST anticommutator,
for a proper choice of the gauge-fixing fermion Ψ. This exotic form of the kinetic term in (2.1) has several important consequences, such as the existence of an infinite number of physical states in the model. This is in accord with the fact that, if we "untwist" the topological sigma model (2.1), the resulting N= 2 superconformal CFT is not unitary and does not have to have a finite number of chiral primaries.
Observables and Symmetries
Already before coupling to topological gravity, the model described by (2.1) has a rich structure of BRST-invariant observables, dealt with in detail in [21] .
Among them, the point-like BRST-invariant observables form a ring under operator product expansions (OPE); I refer to it as the "topological ground ring," in analogy with the similarly defined "ground ring" of the dynamical phase of 2-D string theory [17] .
⋆
Given a point-like observable O (0) , one can construct conserved BRSTinvariant charges on the worldsheet via the hierarchy of "descent equations" of the BRST charge:
The conserved charges are generated by loop integrals of O (1) ,
they are BRST invariant by the descent hierarchy (2.4), and act as symmetries on the topological ground ring. Worldsheet integrals of O (2) , 6) which are also BRST invariant by (2.4) provided Σ is closed, serve as possible BRST invariant deformations of the basic Lagrangian, leading to a family of topologically invariant theories.
In our case, the topological ground ring contains two sets of bosonic and two sets of fermionic observables [21] , each set being parametrized by winding numbers around the two non-trivial directions on the target. Following the notation of [21] I will denote them by ⋆ It is convenient to include into the topological ground ring all point-like physical observables, not only those of ghost number zero. In order to be more precise, we would have to distinguish between the ground ring R that consists of only ghost-number-zero observables, and the extended ground ring R ′ , which contains point-like physical observables of all ghost numbers. I hope that no confusion will be caused if we call both R and R ′ the "ground ring."
where k a , k b is a (fixed) basis of the lattice that defines the target torus, andX(z) (resp. X(z)) is the left-moving (resp. right-moving) component of X (resp.X).
Sometimes we will make use of a specific choice for k a , k b ; for example, we can take k a = R, k b = Rτ 0 with Im τ 0 = 0, so that R measures the overall scale of the target, while τ 0 is its modulus.
As discussed in [21] (and in [19] in the related case of the dynamical phase of 2-D strings), BRST descent equations associate a conserved charge to each pointlike observable. I will denote the charges that correspond to the observables of
Explicit worldsheet expressions for the currents entering the right hand side of (2.8) can be either calculated directly from (2.4) or found in [21] . Ghost numbers of L, Q and G are 0, -1 and +1 respectively. In (2.8) I have chosen specific linear combinations and normalizations of the charges so that their commutation relations simplify to the following form,
This is the infinite-dimensional symmetry algebra in the matter sector of the topological string theory on a two dimensional torus, as obtained in [21] .
Coupling to Topological Gravity on the Worldsheet
The symmetry algebra (2.9) is generated exclusively by the matter sector of the model. In the full-fledged topological string theory, the matter Lagrangian (2.1)
has to be coupled to topological gravity on the worldsheet. This would produce an infinite tower of gravitational descendants σ
p {O}, p = 0, 1, . . . , built over each observable O (0) of the matter sector. The gravitational descendants have essentially the structure of a direct product, 10) where φ is the bosonic "ghost for ghost" [2] of the gravitational sector, carrying ghost number two. The point-like observables (2.10) enter the descent hierarchy for the total BRST charge of the coupled gravity-matter system, thus leading to conserved currents σ
p {O} and two-forms σ 
with p > 0 are strictly positive, and the Q p {O}'s do not extend the ghost-numberzero symmetry algebra. In this paper we are mainly interested in symmetries of ghost number zero, to which the gravitational sector does not contribute; hence, I
will continue working on flat worldsheet and ignoring the topological gravity sector throughout.
Alternatively, we could avoid the discussion of the gravitational descendants by considering the topological torus as a string theory by itself. To get the right ghost number anomaly on the sphere, we can triple the target to a six-dimensional torus. This theory would not have to be coupled to topological gravity on the worldsheet, and may represent a very interesting example of an exactly solvable string theory.
Canonical Quantization
The presence of the imaginary theta term in the sigma model Lagrangian (2.1) leads to some subtleties in its canonical quantization on worldsheets with the Minkowski signature.
As noted above, the imaginary theta term makes the theory in the Euclidean signature non-unitary, allowing for the existence of the infinite number of physical states. In the Minkowski worldsheet signature, we will quantize the model by continuing analytically the original theory both on the worldsheet and in the spacetime. As a result of the double analytic continuation, the theta term in the Lagrangian becomes purely real. The theory, however, continues to be non-unitary, as a result of the Minkowski signature in spacetime. The reality of the theta term allows us to quantize directly by standard techniques, while the non-unitarity preserves physicality of the infinite number of winding modes.
This prescription for handling the imaginary theta term, followed by the double analytic continuation back to the Euclidean signature on the worldsheet as well as in spacetime, leads to the following structure of zero modes,
This result coincides with the expression for the zero modes as mentioned in [21] , and will be useful later.
The BRST charge Q acts on (2.12) and identifies physical configurations, as those with n 1 = n 2 = 0. This physicality condition can be succinctly rewritten as the condition of holomorphicity of (2.12),
This equation, obtained here from the canonical quantization of the model, is also known from the functional integral formulation: (2.13) defines instanton configurations of the theory, and the functional integral is by standard arguments localized on the instanton moduli space.
Note also that the double Minkowski rotation that we have just used in the canonical quantization of the topological torus is quite reminiscent of the analytic continuation proposed in the high energy string scattering [43, 23, 34] . A possible connection between the high energy behavior of critical strings on one hand and some aspects of string theory on the topological torus on the other, has been pointed out in [23] .
Spacetime Interpretation of the Symmetry Algebra
The commutation relations (2.9) of the symmetry algebra do not look, at the first sight, very illuminating. The main task of this section is to elucidate the structure of the symmetries in terms of spacetime geometry.
First we discuss what is meant by the spacetime manifold itself. The topological ground ring of the model is generated by two bosons of ghost number zero,
and two fermions of ghost number one,
such that generic elements of the ground ring are of the form In analogy with the framework of [17, 19] the "spacetime manifold" of the model is defined as the manifold parametrized by the generators of the ground ring. The bosonic part of this manifold, denoted by M from now on, is spanned by a and b; the full supermanifold, paremetrized by a, b, Θ a and Θ b will be denoted by M. To some extent, this definition of spacetime may seem rather ad hoc, but I hope to offer some arguments below that the definition is in fact quite plausible. In particular, the symmetry algebra which has emerged from the BRST descent equations acquires a natural interpretation as an algebra of spacetime symmetries, if we use precisely this definition of spacetime.
Odd-Symplectic Geometry in Spacetime
By definition, the bosonic generators form a coordinate system on the spacetime manifold M, which is extended by fermionic generators of non-zero ghost numbers to a supermanifold M of dimension (2|2). This supermanifold can be endowed with an odd-symplectic form,
It has been shown in [21] that the symmetry algebra (2.9) of the topological torus, as obtained from the OPEs of the worldsheet currents, is equivalent to the algebra of all ω-preserving infinitesimal diffeomorphisms, and its elements can be represented by vector fields on the spacetime supermanifold:
This is one of our central results: The symmetries of the topological string theory on a torus can be usefully summarized in terms of odd-symplectic geometry, which is generated naturally in spacetime.
Odd-symplectic geometry has played a central role in the geometric formulation of the BRST-BV formalism [39, 40, 41] . It has recently become increasingly important in string theory: It gathers much of the on-shell structure of 2-D string theory [44] , is crucial for understanding prospects for a background independent formulation of open string field theory [45] , and clarifies the structure of general ⋆ I will not repeat the calculation here, and refer the reader again to [21] .
non-polynomial covariant closed string field theory [46] . For a review of some algebraic structures involved, see [47] .
In our case, the existence of a natural odd-symplectic form on spacetime has important consequences. Besides the usual multiplication, defined already by worldsheet OPEs, the space of physical observables carries an anti-bracket multiplication defined by the odd-symplectic form ω. To avoid possible confusion and distinguish the anti-bracket from the anti-commutator, I will denote the anti-bracket by {{ , }} a .
The explicit definition of {{ , }} a on two elements f, g of the ground ring is
Here d is the exterior derivative on M defined by
ω −1 is the inverted odd-symplectic form, 8) and |f | denotes the ghost number of f . In the natural coordinate system given by a, b, Θ a , Θ b , the anti-bracket acquires the following form,
The anti-bracket (3.6) defines on the space of physical observables the algebraic structure of what is called by mathematicians a G-algebra (or a Gerstenhaber algebra; cf. [48] and references therein).
Having understood the structure of the full symmetry algebra in terms of the odd-symplectic geometry in spacetime, we can also clarify the structure of the bosonic, ghost-number-zero symmetries. Indeed, the bosonic part of the symmetry algebra (3.5), which can be obtained simply by ignoring all Θ a , Θ b -dependent terms in (3.5), consists of all formal diffeomorphisms of the spacetime manifold M:
The term "formal" refers here to the fact that the coefficients of the vector fields (3.10) are formal polynomials in the bosonic ground-ring generators, so that we are still in the realm of algebraic geometry. When we switch from algebraic geometry to differential geometry in the following subsection, we will find out why the antibracket is naturally defined on the space of physical observables, or in other words, why ω exists on M. We will also see that the Gerstenhaber algebra of physical observables is a very special one, known to mathematicians since the sixties.
Spacetime versus Target
In the dynamical phase of two dimensional string theory, the relation between the target of the Liouville approach and the spacetime of the matrix model is highly nontrivial. Let us recall that a natural set of coordinates on the spacetime of the usual phase, defined again as the manifold spanned by the generators of the ground ring [17, 19] , is given by a time coordinate, the matrix-model eigenvalue λ, and its conjugate momentum. As has been argued e.g. in [28] , the eigenvalue λ and the target dimension may be related by a complicated integral transform.
On the other hand, in the topological theory that we are studying here, the relationship between the target (parametrized by X andX of (2.1)) and the space- 
As we can see from this expansion, the new set of spacetime coordinates parametrize a torus, which is -as far as its metric properties are concerneddual to the target. In the topological string theory on a torus, the spacetime and the target are thus dual to each other.
This fact has one immediate consequence: We can interpret the ground ring 
The supersymmetric extension M of the spacetime manifold M, parametrized by A, B, Θ a and Θ b , can thus be identified with the tangent bundle to M, with fibers treated as odd dimensions:
14)
The ground ring can be identified with the algebra of all smooth multi-vector fields on M. The Lie bracket that always exists on vector fields induces an oddsymplectic form (and consequently an anti-bracket) on M. This explains the existence of the anti-bracket {{ , }} a . Together with {{ , }} a , the ground ring becomes the Gerstenhaber algebra of multi-vector fields on a manifold, one of the first Gerstenhaber algebras ever studied. The full symmetry algebra of the model consists of all smooth diffeomorphisms that preserve the anti-bracket.
Chiral BRST Cohomology and Its Spacetime Intepretation
Before pursuing further the analogy between the geometry of two dimensional topological string theory and the geometry of the BV formalism, I will briefly discuss a simple refinement of the previous results, coming from the possiblity to split the BRST cohomology into chiral sectors on the worldsheet. This splitting makes a significant use of the conformal structure on the worldsheet, and most of its consequences can be lost when the Lagrangian is deformed by BRST invariant terms that do not preserve worldsheet conformal invariance.
The chiral splitting on the worldsheet causes a chiral splitting of the spacetime symmetry structure. To see this, we will consider the left-moving sector of the theory, with the chiral BRST charge given by
The space of point-like physical observables of the chiral BRST charge Q L contains one bosonic series of observables with ghost number zero, and one series of fermionic observables with ghost number one, each of them parametrized by two winding numbers m, n. We will denote these observables by
L;m,n ≡ ψ e ikm,nX(z) . 
L;m,n . (3.17)
These charges act as vector fields on the space parametrized by the generators of the ground ring. We can see that the chiral symmetry algebra contains just two series of conserved charges, one bosonic of ghost number one and one fermionic of ghost number minus one.
In the full theory, the left-movers are coupled to right-movers by matching left-moving and right-moving winding numbers, which leads to identification 18) and recovers the non-chiral structure of the spacetime manifold as studied in previous subsections.
Spacetime Topological Symmetry and w ∞
In the usual phase of two dimensional string theory, the BRST descent equations lead -when applied to the discrete states -to symmetry algebras of a w ∞ type. Thus far, in the topological theory we have studied, the ghost-number-zero symmetry algebra that naturally emerged was the algebra of all infinitesimal spacetime diffeomorphisms, Diff 0 (T 2 ). In this section (and in §5) we find a mechanism that reduces the algebra of all spacetime diffeomorphisms to a w ∞ algebra, thus establishing some contact between the topological and physical theories.
More of the BV Geometry
The full symmetry algebra (2.9) of the model consists of all inifinitesimal diffeomorphisms of the spacetime supermanifold that preserve the odd-symplectic form It is natural to wonder whether this structure can be completed to the full geometry of the BV formalism, which contains, besides the anti-bracket defined by the oddsymplectic form, a nilpotent second-order differential operator ∆.
A natural candidate for the ∆ operator is
which is clearly nilpotent, and generates the anti-bracket (4.1) by
Recalling that Θ a , Θ b are essentially the (odd) coordinates along the fibres of T M, the ∆ operator of (4.2) is nothing but the exterior derivative d on the spacetime manifold, rewritten in the dual form with the use of a volume element on M. This is in accord with the cohomology of the nilpotent operator ∆ on the extended ground ring. It turns out that the cohomology is equal to a free module over C, generated by the two fermionic generators of ghost number one:
With the interpretation of Θ a , Θ b as one-forms on the target, this result is exactly what one would expect from the exterior derivative on spacetime.
Semirelative BRST Cohomology
By construction, the model we have studied so far is topological on the worldsheet, i.e. its worldsheet Virasoro symmetries become a part of the topologically twisted N= 2 Virasoro superalgebra. This topological algebra, whose commutation
is realized by the following currents, In critical string theory, the role of C is played by the zero mode c − 0 of the diffeomorphism ghosts [46] . By standard arguments, reviewed e.g. in [46, 54] , it is crucial for the gauge invariance of the string field action (4.8) that the physical states belong to an appropriate semirelative BRST cohomology, defined as the cohomology of Q equivariant with respect to the charge B conjugated to C.
Notably, the same charge B that enters the semirelative cohomology condition, enjoys another important role in the model -it makes a zero mode of the worldsheet energy-momentum tensor an exact BRST commutator:
⋆ Strictly speaking, we should treat the model as a part of a full string theory, either by coupling it to topological gravity or by introducing two other complex dimensions. In what follows, I implicitly assume that the model is a part of such a complete theory.
Whereas in topological string theory it may be intricate to identify the proper candidate for C (see [54] ), we have an excellent candidate for B: The zero mode
Anticipating this structure even before completing the string theory, we can define the semirelative BRST cohomology of the topological sigma model as the cohomology of Q, equivariant with respect to G It is straightforward to demonstrate with the use of the explicit expressions for the worldsheet currents (4.6) that the action of G − 0 on the worldsheet fields coincides with that of the searched-for ∆ operator of (4.2), so we can identify
In §4.1 we have constructed the fermionic nilpotent operator ∆ as the object that completes the odd-symplectic geometry in spacetime to the geometry of the BV formalism. Now we have found the worldsheet representation of ∆ and have
shown that it defines a natural semirelative BRST cohomology condition (4.10).
Spacetime Symmetries in the Semirelative BRST Cohomology
To identify the structure of symmetries in the semirelative BRST cohomology, consider first the subspace K of the ground ring that consists of all elements annihilated by ∆, i.e. K ≡ Ker ∆. Explicitly, the action of ∆ on the basis of the ground ring is given by
(4.12)
Consequently, the space K of modes annihilated by ∆ is spanned by
These point-like observables produce, via the BRST descent equations, a subalgebra in the full symmetry algebra of the absolute BRST cohomology of the model. 14) and specific linear combinations
we obtain the following commutation relations for the symmetry algebra of the semirelative cohomology, This algebra also has a nice spacetime interpretation. The first two lines of (4.16) form precisely w ∞ , the algebra of all area-preserving diffeomorphisms on the toroidal spacetime. The preserved area is given by 17) and the explicit action of w ∞ on the spacetime manifold M is realized by the following vector fields:
The W m,n vector fields of (4.18) correspond to the area-preserving spacetime diffeomorphisms generated locally by Hamiltonians, while the remaining two generators W a and W b correspond to those diffeomorphisms that are not generated by Hamiltonians, and are in one-to-one correspondence with the generators of the first cohomology group of the spacetime. The algebra of area-preserving diffeomorphisms of a torus has been found in [49] and studied in the context of membrane physics in [50] .
This establishes the existence of w ∞ symmetries in the ghost-zero part of the semirelative BRST cohomology as defined by G − 0 . Now we will analyze the fermionic extension of this w ∞ algebra by the generators of non-zero ghost numbers.
Topological w ∞ on the Worldsheet and in the Spacetime
The whole symmetry algebra (4.16) represents a simple fermionic extension of conserved currents on the worldsheet [21] , and none is actually allowed on general algebraic grounds (cf. [33] ).
It is interesting to note as an aside remark that the topological W ∞ algebra of the sphere was first realized in [51] as the algebra of worldsheet symmetries in the theory described by our Lagrangian (2.1); indeed, the topological Virasoro symmetry (4.5) actually extends to the topological W ∞ algebra. In terms of the free fields that enter the Lagrangian, the (left-moving) currents of the topological W top ∞ superalgebra of worldsheet symmetries are given by [51] For j = 0 we recover the topological Virasoro superalgebra of (4.5) and (4.6).
The full W top ∞ algebra of the worldsheet charges can be found in [51] . Here we just note that the W top ∞ algebra can be contracted to the corresponding w top ∞ algebra, in the classical limit of the worldsheet CFT. Commutation relations of this classical w top ∞ algebra are given by To conclude this aside remark on worldsheet symmetries of the model, we have seen that, as a result of [51] , the worldsheet topological Virasoro algebra of the topological torus is extended to the full quantum W top ∞ on the worldsheet, whereas as one of the cetral results of the present paper, the same model also enjoys (in the semirelative BRST cohomology) a topological w ∞ symmetry in spacetime. There are obvious differences between the roles played by the worldsheet and spacetime w ∞ symmetries in our model. While the worldsheet W top ∞ is a symmetry of the full Hilbert space of the worldsheet CFT, the spacetime w top ∞ symmetry maps physical states to physical states. The form of the currents (4.20) of the worldsheet W top ∞ symmetry is also very different from our expressions for the currents of the topological w ∞ symmetry in spacetime. On the other hand, in string theory we generically expect that quantum corrections from higher genera deform spacetime w ∞ symmetries to their W ∞ counterparts; if this happens with the spacetime w ∞ symmetry of the topological theory studied here, it will strengthen an interesting similarity between its worldsheet and spacetime symmetries.
Semirigid w ∞ Geometry in Spacetime
We have demonstrated that the spacetime symmetry algebra (4.16) of the semirelative BRST cohomology, as generated by conserved worldsheet charges, forms a w ∞ analog of the topologically twisted N= 2 Virasoro algebra. However, the usual topological Virasoro superalgebra in two dimensions contains, besides the bosonic Virasoro generators and their BRST fermionic superpartners, an infinite number of modes of the BRST current. In our case, we have obtained bosonic w ∞ generators W m,n , their superpartners Q m,n , and the nilpotent fermionic charge D.
This fermionic charge is the zero mode of the spacetime BRST-like current, and one might wonder why we haven't also found the non-zero modes of the current.
The fact that just the zero mode of the spacetime BRST current emerges in the topological symmetry algebra is probably not so surprising; rather it is reminiscent of symmetries possessed by two dimensional topological gravity. Indeed, precisely the same pattern, with just the zero mode of the BRST current accompanying the bosonic symmetries and their BRST superpartners, has emerged in semirigid geometry [52] , which is the suitable geometrical framework for topological gravity.
Instead of leading to the full topologically twisted N= 2 algebra, semirigid geometry ends up naturally with the algebra consisting of the topological BRST charge, the Virasoro algebra L m , and the superpartners G m of the Virasoro generators L m under the BRST charge; the rest of the topologically twisted N= 2 Virasoro superalgebra, in particular the higher modes of the BRST current, is broken.
In our case, the symmetry algebra of the topological torus induces naturally what might be called a "semirigid w ∞ structure" on spacetime. In view of the relationship between the absolute and semirelative BRST cohomologies of the model, the semirigid w ∞ structure on M can be obtained by introducing the ∆ operator and completing thus the odd-symplectic structure on M to the full BatalinVilkovisky geometry. The ∆ operator induces a volume element on M, and allows one to identify canonically T M with the cotangent bundle T * M. The geometry of the w ∞ symmetries can then be formulated in terms of geometrical structures on T * M, so that we find a close contact with recent results in W geometry [42, 4] . To see whether the relationship between the odd-symplectic and W geometries can be of some further significance, it would be necessary to extend the results sketched here to surfaces of higher genera, which is however beyond the scope of this paper.
Spontaneous Breakdown of Spacetime Diffeomorphisms
The Lagrangian of the topological torus (2.1) has its own class of possible deformations that preserve the topological BRST invariance: any two-form that enters the descent equations for the BRST charge can be formally used as an additional term in the Lagrangian without spoiling the topological symmetry. The deformed model then realizes only a part of the original huge spacetime symmetry, and the rest of the symmetry algebra is spontaneously broken.
The basic strategy is as follows.
⋆ Assume that we deform the Lagrangian by a two-form O (2) , BRST invariant up to exterior derivative of O (1) ,
Here α is a coupling constant. The BRST charge of the original model gets also deformed, to
Physical observables of the deformed theory belong to the BRST cohomology of Q(α), so that they satisfy
⋆ Here I follow closely the analogous discussion carried out for the dynamical phase of two dimensional string theory in [44] .
In view of (5.3), only those symmetry charges of the undeformed model that commute with the charge O (1) will survive, and the rest of the original symmetry algebra may be spontaneously broken. Of course, to establish this result, one must
show that no other symmetry charges are generated that were not present in the the original symmetry algebra of the undeformed model.
In this section we first study deformations of the theory within the absolute BRST cohomology, and return to the semirelative BRST cohomology in §5. 4 . The results of the perturbative analysis of the symmetry brakdown will be rather formal, as the method ignores the analogy of the disappearance and re-appearance of some of the discrete modes as a result of the target kinematics; the proper interpretation of the results would require a wider framework which would allow us to consider all possible modes at the same time, possibly similar to the framework proposed in the context of N= 2 superstrings in [22] .
Topological Deformations and w ∞ Diffeomorphisms
There is one natural candidate for the deforming two-form, carrying zero winding numbers as well as zero ghost number. This two-form is the top element of the descent equation for R
0,0 ≡ ψψ. Note that R
0,0 is a pure "homology observable" in the terminology of [21] , i.e. it does not contain contributions coming from the non-zero fundamental group of the target, and would be present even if the fundamental group were zero. This class of observables in topological sigma models is much better understood than generic observables which get contributions from the non-zero fundamental group, so in this subsection we can essentially borrow results from the theory of simply-connected topological sigma models.
On-shell the two-form that will be used as a deformation of (2.1) is given by
After being integrated over a compact worldsheet Σ, R The new term in the Lagrangian (unlike its analogs with non-zero winding numbers) has a natural geometrical interpretation: it essentially measures the element of the second homology group spanned by the mappings of Σ to the target.
In the deformed theory, the symmetry algebra is broken to the algebra that respects the new term in the Lagrangian. This condition can be usefully formulated in terms of the symmetry algebra itself: Via the topological descent equations, R
0,0 defines a conserved charge 6) and non-zero α 0,0 deforms the BRST charge Q to
The unbroken subalgebra of (2.9) consists of those charges that commute with the new BRST charge of (5.7), and hence with G 0,0 .
On the ground ring, the fermionic charge given by (5.6) acts as
Among the Q m,n 's, just Q 0,0 commutes formally with G 0,0 , but we already know from [21] that Q 0,0 ≡ 0 identically. In the rest of the fermionic sector, all G m,n survive, since they carry the top ghost number and must anticommute with one another, in particular with G 0,0 .
In the bosonic sector, we have and
The algebra of all survivors is then
(5.12)
The first two lines of (5.12) are again the w ∞ algebra of all area-preserving diffeomorphisms of the toroidal spacetime, identified in the previous section as the full algebra of ghost-number-zero symmetries in the semirelative BRST cohomology. Here we have just seen that the algebra of spacetime diffeomorphisms, which is the algebra of ghost-number-zero symmetries in the absolute BRST cohomology, can be broken spontaneously to a w ∞ subalgebra.
Now we are going to analyze the impact of the spontaneous symmetry breakdown on the full symmetry algebra of all ghost numbers. The whole algebra (5.12)
is a fermionic extension of w ∞ , and the symmetry charges act on the spacetime supermanifold by the following vector fields, 
Higher Deformations with Zero Ghost Number
Instead of the translation-invariant two-form R (0) 0,0 , we can use the whole hierarchy of two-forms coming from the descent equations, to deform the original Lagrangian (2.1) and obtain a model with a spontaneous breakdown of the original spacetime diffeomorphism symmetry. For any N ∈ Z we can study
where R
N,N is given by The residual bosonic symmetry generators of the deformed model are given by 21) and form the following symmetry algebra:
with the structure constants C N mn,pq given by
This algebra preserves a higher two-form on the torus,
Among the fermionic generators, G m,n will again survive for all m, n, and extend the bosonic symmetry algebra (5.22) to a topological w ∞ . The relevant commuta- This is the unbroken symmetry algebra in the semirelative BRST cohomology.
To conclude this section, we have seen that it is possible to deform the model of §4 by the spacetime BRST-like charge D of the w top ∞ spacetime superalgebra. The only fermionic charge that survives in the semirelative BRST cohomology is decoupled from the rest of the spacetime symmetry algebra, which thus becomes the usual, bosonic w ∞ .
Concluding Remarks
In this paper I have presented a model whose spacetime symmetries are closely related to all spacetime diffeomorphisms, and have found a mechanism which reduces the diffeomorphism symmetry to a w ∞ algebra. This model is a two dimensional topological string theory, and the residual unbroken symmetry is quite remimiscent of the manifest w ∞ symmetry of the dynamical phase of string theory in two dimensions. We have also seen that physical observables of higher ghost numbers extend the w ∞ symmetry algebra to a spacetime topological w ∞ superalgebra, with its own BRST-like nilpotent fermionic charge. This suggests that the theory may be cohomological not only on the worldsheet but also in spacetime, a conjecture reminiscent of some other recent observations in topological string theory [53, 54] .
The spacetime manifold, as defined by the generators of the ground ring, is dual to the target manifold, as defined by the field content of the sigma-model Lagrangian. This duality between the spacetime and the target suggests a mechanism capable of relating the topological phase of a physical theory to its phase with local dynamics. Indeed, the set of all point-like physical states of the topological sigma model consists entirely of ground states in each winding sector on the target. Since as we have seen the target is dual to the spacetime, these target winding modes can be (roughly) ininterpreted as momentum modes in spacetime, and we find local degrees of freedom that arise as topological physical states in a cohomological string theory. I believe that the lesson learned from this example might be of some wider validity in topological field theory.
The model I have studied in this paper can be extended straightforwardly to topological string theory on higher-dimensional tori of real dimension 2d. Most of the results of this paper find their natural counterparts in higher dimensions. For example, the symmetries in the absolute BRST cohomology generate all spacetime diffeomorphisms at ghost number zero, extended at non-zero ghost numbers to the algebra of all odd-symplectic diffeomorphisms on a spacetime supermanifold of dimension (2d|2d); in the semirelative BRST cohomology, the ghost-number-zero symmetry algebra preserves a volume element on spacetime. There is, however, one important property that does not extend to higher dimensions, and makes the two-dimensional case unique: The symmetry algebra of the semirelative BRST cohomology cannot be interpreted as a topologically twisted N= 2 superalgebra unless the spacetime dimension is two.
Another possible generalization is represented by topological string theory on higher genus Riemann surfaces, which is interesting from several points of view. Two dimensional string theory from the topological point of view has recently been studied by Mukhi and Vafa [55] . Their results are extremely interesting, and complementary to ours; using the insight of [56] , the authors of [55] present a strong evidence showing that there is a hidden topological symmetry on the worldsheet of the dynamical phase of two dimensional string theory, in particular for the black hole solution. In one case of their interest, the authors of [55] have recovered the Lagrangian (2.1) that serves as the starting point of the present paper. It would be very interesting to combine their worldsheet results with the spacetime results obtained in this paper.
Note added
Quite recently, the importance of odd-symplectic geometry and the BV formalism in string theory and 2-D topological field theory has also been stressed by
